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ON THE MORITA EQUIVALENCE CLASS OF A
FINITELY PRESENTED ALGEBRA
ADEL ALAHMADIA, HAMED ALSULAMIA, EFIM ZELMANOVB,1
To our teacher and friend S. K. Jain.
Let F be a field and let A,B be F -algebras. The algebras A,B are
Morita equivalent if their categories of (left) modules are equivalent.
Throughout the paper we consider algebras with 1 and unital modules
over them. Then A is Morita equivalent to B if and only if A ∼=
eMn(B)e, where Mn(B) is the algebra of n × n matrices over B and
e = e2 ∈Mn(B) is a full idempotent, i.e. Mn(B)eMn(B) =Mn(B).
In [2], [3], [4] the authors described Morita equivalence classes of
some important finitely presented algebras and, in particular, showed
that these classes are countable.
In this note we discuss Morita equivalence classes of arbitrary finitely
presented algebras. Let σ be an automorphism of the field F . The
mapping ϕ : A→ B is called a σ-semilinear isomorphism if ϕ is a ring
isomorphism and ϕ(αa) = σ(α)ϕ(a) for all α ∈ F , a ∈ A.
Let V be a vector space over the field F . On the abelian group V we
define a new multiplication by scalars: α · v = σ(α)v. We will denote
the new vector space as V (σ).
For an F -algebra A define a new F -algebra structure A(σ) on A
by keeping the ring structure and switching to the vector space A(σ)
instead of A.
It is easy to see that the identical mapping A → A(σ
−1) is a σ-
semilinear isomorphism.
Suppose that an F -algebra A is generated by a finite collection of el-
ements a1, . . . , am. Consider the free associative algebra F 〈x1, . . . , xm〉
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and the homomorphism
F 〈x1, . . . , xm〉
ϕ
−→ A, xi 7→ ai, 1 ≤ i ≤ m.
Let R be a subset of the ideal I = kerϕ that generates I as an ideal.
We say that the algebra A has presentation
A = 〈x1, . . . , xm | R = 0〉.
If the set R is finite then the algebra A is said to be finitely presented.
This property does not depend on a choice of a generating system as
long as the system is finite.
It is easy to see that semilinearly isomorphic algebras are Morita
equivalent. Hence the group AutF acts on the class of Morita equiva-
lence of the algebra A.
Theorem 1. Let F be an algebraically closed field and let A be a finitely
presented F -algebra. Then the action of AutF on the class of Morita
equivalence of A has countably many orbits.
In other words, the Morita equivalence class is countable up to semi-
linear isomorphisms. The following observation is straightforward.
Lemma 1. Let
A =〈x1, . . . , xm |
∑
j
αijwij = 0, 1 ≤ i ≤ n, αij ∈ F,
wij are words in x1, . . . , xm〉.
Then
A(σ) = 〈x1, . . . , xm |
∑
j
σ−1(αij)wij = 0, 1 ≤ i ≤ n〉.
In [1] it was shown that finite presentation is a Morita invariant prop-
erty. In other words, the Morita equivalence class of a finitely presented
F -algebra A consists of finitely presented F -algebras. If the field F is
countable then it immediately follows that the Morita equivalence class
of A is countable up to isomorphisms.
Assume therefore that the field F is not countable.
Proof of Theorem 1. Let F0 be the prime subfield of F . Let X ⊂ F
be a maximal subset of F that is algebraically independent over F0.
Then F is the algebraic closure of the purely transcendental extension
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F0(X). Since the field F is uncountable it follows that the set X is
uncountable as well.
Let X0 be a countable subset of X . Let F0(X0) be the purely tran-
scendental F0-extension generated by X0 and let F˜0(X0) be the alge-
braic closure of F0(X0) in F .
We claim that for any finite collection of elements α1, . . . , αn ∈
F there exists an automorphism σ ∈ AutF that maps α1, . . . , αn
to F˜0(X0). Indeed, there exists a finite subset X
′ ⊂ X such that
α1, . . . , αn ∈ F˜0(X ′). Let p : X → X be a bijection such that p(X
′) ⊂
X0. The bijection p extends to an automorphism σ ∈ AutF . Clearly,
σ(αi) ∈ F˜0(X0).
We say that an algebra is finitely presented over a subfield K ⊂ F
if it has a presentation
〈x1, . . . , xm | R = 0〉, |R| <∞, R ⊂ K〈x1, . . . , xm〉.
If B is a finitely presented F -algebra then there exists an automorphism
τ ∈ AutF such that B(τ) is finitely presented over F˜0(X0).
Indeed, let
B =〈x1, . . . , xm |
∑
j
αijwij = 0, 1 ≤ i ≤ n, αij ∈ F,
wij are words in x1, . . . , xm〉.
There exists an automorphism σ ∈ AutF such that σ(αij) ∈ F˜0(X0)
for all i, j. By Lemma 1 it implies that B(σ
−1) is finitely presented over
F˜0(X0).
An arbitrary algebra B that is Morita equivalent to A is finitely
presented [1]. Hence there exists τ ∈ AutF such that B(τ) is finitely
presented over F˜0(X0). Since the field F˜0(X0) is countable it completes
the proof of Theorem 1. 
Now we will show that, generally speaking, the class of Morita equiv-
alence of a finitely presented algebra may be uncountable up to isomor-
phisms.
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Lemma 2. Let α ∈ F . Consider the algebra
Aα = 〈x1, x2 | x
2
1 + x
2
2 + αx1x2 = 0〉.
Then Aα ∼= Aβ if and only if β = ±α.
Proof. Clearly, Aα ∼= A−α. Suppose now that β 6= ±α. We will show
that the algebra Aα does not contain generators y1, y2 such that y
2
1 +
y22 + βy1y2 = 0.
Suppose the contrary and let
y1 = α10 + α11x1 + α12x2 + y
′
1
y2 = α20 + α21x1 + α22x2 + y
′
2
be such generating elements; αij ∈ F ; y
′
1, y
′
2 are linear combinations of
monomials of length ≥ 2. The matrix
Q =
(
α11 α12
α21 α22
)
is nonsingular, otherwise the elements y1, y2 do not generate Aα.
The linear part of y21 + y
2
2 + βy1y2 is equal to
2α10(α11x1 + α12x2) + 2α20(α21x1 + α22x2) + βα10(α21x1 + α22x2)
+ βα20(α11x1 + α12x2)
= (2α10α11 + 2α20α21 + βα10α21 + βα20α11)x1
+ (2α10α12 + 2α20α22 + βα10α22 + βα20α21)x2
= 0.
Hence
α10(2α11 + βα21) + α20(2α21 + βα11) = 0,
α10(2α12 + βα22) + α20(2α22 + βα12) = 0.
We have(
2α11 + βα21 2α21 + βα11
2α12 + βα22 2α22 + βα12
)
=
(
2 β
β 2
)(
α11 α12
α21 α22
)
.
If β 6= ±2 then this matrix is nonsingular, which implies α10 = α20 = 0.
Suppose that this is the case, i.e. β 6= ±2, α10 = α20 = 0.
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The homogeneous component of degree 2 of y21 + y
2
2 + βy1y2 is equal
to
(α11x1+α12x2)
2+(α21x1+α22x2)
2+β(α11x1+α12x2)(α21x1+α22x2) = 0.
Let x = (x1, x2). Then the left hand side is equal to xQ
T
(
1 β
0 1
)
QxT .
Since this expression is equal to zero in the algebra
〈x1, x2 | x
2
1 + x
2
2 + αx1x2 = 0〉
it follows that in the free algebra it is equal to γ(x21+x
2
2+αx1x2), γ ∈ F .
Hence,
QT
(
1 β
0 1
)
Q = γ
(
1 α
0 1
)
.
It is well-known in the theory of quadratic forms that this equality
implies β = ±α.
We proved that β = ±2 or α = ±β. Similarly, α = ±2 or β = ±α.
Thus, if α 6= ±β then α = ±2 and β = ±2 which again implies that
α = ±β. This completes the proof of the lemma. 
Corollary. If a complex number α ∈ C is not algebraic over Q then
the Morita equivalence class of the algebra Aα is uncountable.
Indeed, if α is not algebraic over Q then the orbit O = {σ(α), α ∈
AutC} is uncountable. The system {Aβ, β ∈ O} lies in the Morita
equivalence class of Aα and is uncountable by Lemma 1.
Question. Let A be a C-algebra that is finitely presented over Q. Is it
true that the Morita equivalence class of A is countable?
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